Switching Time Optimization for
Bang—Bang and Singular Controls:
Variational Derivatives and Applications

G. Vossen !

Abstract. In this report, we will present an appendix for the paper (Ref. 14) by
the author. The results of this paper could not be included into (Ref. 14) due to
page restrictions. Section numbering is taken over from (Ref. 14).

Some remarks on switching time optimization for controls without feedback rep-
resentation will be presented in Subsection 3.4. Proofs for variational derivatives
which are used in switching time optimization for bang—bang and singular controls
are given in Section 4. A detailed elaboration of switching optimization for the
Goddard Problem will be presented in Subsection 5.2.

3.4 Controls Without Feedback Representation

If instead of Assumption 3.1 the control can only be determined as a function
u'(t,r, \) depending also on the adjoint variable )\, a modified approach can be
used to accomplish switching time optimization. We will formulate an augmented
induced optimization problem involving the optimization vector

T T T d
c= (%a)‘mtla : --7td7td+1) € 1R,2n+ +

where )y denotes the initial value A\(0) of the adjoint variable. We denote by z(-, 2)
and A(+, z) the absolutely continuous solution of the coupled initial value problem

2(0) =0, &(t) = f(t, (1), u(t,z(t), A(1))),
A0) = o, A(t) = Holt,x(t), u(t, x(t), A1), A(t))

where u(t,z,\) is piecewisely defined by the functions w'(¢,x,\) in each interval
Ji, i =1,...,d. Here, the second differential equation is motivated by the adjoint
differential equation (7), (Ref. 14) which holds along the optimal trajectory. Then,
the augmented induced problem additionally includes the transversality conditions
(8) and (9), (Ref. 14) as constraints for A(-,z) at t =0 and t = t;:

min G(z) :== g(xo, x(ts, 2),ty)
Cb(!lf(),l'(tf, Z)atf) (1)
s. t. O(2) = o + Loy (20, 2(ts, 2), tf, po, p) = 0.

)\(tf7 Z) - Z:Bf (.Z’(], I(tf, Z>7 tfa Po, p)
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As some initial values \;(0) may be given by the transversality condition (8), (Ref.
14), these values should, analogously to Remark 3.3, (Ref. 14), be eliminated from
the induced problem. This approach was used by Vossen/Rehbock/Siburian (Ref.
32).

If the control cannot be determined as a function u'(¢, z, \) since the control does
not appear in any derivative of the switching function (i.e., the singular control is
of order ¢ = o0), the problem cannot be reduced to a finite dimensionional one
by this approach. As an extension to (21), (Ref. 14), one idea is to optimize the
discretized control along all singular arcs where the function u'(¢, z, \) is unknown.
This approach was described by Biiskens et al. (Ref. 33).

4 Variational Derivatives in the Induced Problem

Obviously, the verification of optimality conditions (24), respectively, (25), (Ref. 14)
and hence, the calculation of variational derivatives of the Lagrangian function with
respect to the optimization vector z requires the calculation of variational derivatives
of the state (-, z) with respect to z.

4.1 Derivatives of the Function h

In the following, we will need the derivatives of the function A in (20), (Ref. 14)
with respect to the states. The first derivative is given by

and, with arbitrary vectors u, v € R"”, the second derivative can be written as

P e (t, )y = pt fon(t, 2, u(t, 2)) v 4 p? fou(t, ) (ua(t, 2)v)
+ (up(t, ) )T fua(t, )0 + fult, ) (0" upe(t, 2)V).

Here, the derivative pu’h,,v is a column vector with the components
pr(hi)eev, k = 1,...,n. The derivatives fiz, fou, fue und ug, are understood
in an appropiate way. Note that the term including f,, was deleted in (3) as u
appears only linearly in f.

For the calculations of the Lagrangian derivatives, the following result will be
useful.

(3)

Proposition 4.1. Along a trajectory T = (Z,u) which satisfies the necessary opti-
mality conditions (7)-(12), (Ref. 14) of the minimum principle, the following holds
for all t € [0,1/]:

ND)he(t) = H, (1), (4)
M) (1 o (1)) = 17 (Hg(6) + Hontia(6) + (s (0) Hiot)— (5)

for arbitrary column vectors u, v € R™.



Proof. Due to (2), we obtain

for all t € [O,ff]. The last equality arises from the following fact. Consider a
component @y, 1 < k < m, for some t € [0,;[. For sufficiently small ¢ > 0,
Uy, is either singular or bang-bang on [t,t + €. Hence, H,, (t) = ox(t) = 0 or
(ug)z(t,z(t)) = 0 holds along the interval [t,t+¢]. Asthisistrueforallk =1,...,m,
we obtain H,(t)u,(t) = 0 for all ¢t € [0,7;]. Considering the interval [t — ¢, ] for
t = t;, the representation (4) is proved. To verify equation (5), we obtain in view
of (3)

AW hea) = zn: (A" (s

=1
= MTH:(::(:V + MTqu(uxV) + (uxM)THu:cV + HuMTu:c:cV

for all t € [0,7]. As in the proof for (4), the last equality holds due to

Hop i,y = Z (MTHuk(uk)ml/) =0
k=1

as we have H,, (t) = 0 if ux(t) is singular and (uy)..(t, 2(t)) = 0 if ax(t) is bang-
bang. O

4.2 Variational Derivatives of the States

In a first step, formulas for variational derivatives of the states are given. These
representations will be used to calculate variational derivatives of the Lagrangian
function which are essential for the verification of first and second—order optimality
conditions in the induced problem (20), (Ref. 14).

4.2.1 First—Order Variational Derivatives

The functions

vi(t,z)::m(t,z) i=1,...,n, (6)
y'(t,z) : = S—Z(t,z), i=1,...,d, (7)
Y t2) = 52, 0

are called first—order variational derivatives of the states. We shall use the abbrevi-
ations '(t) := vi(t, 2), §'(t) := y'(t, 2) and 9/ (¢) := y/ (¢, 2). The following result is
well-known from the theory of ODEs.



Proposition 4.2. The function v'(t,z), 1 < i < mn, is the solution of the IVP
V(0,2 = e, 5(E2) = ha(t, ot 2)vi(t, 2), )
where e; is the i-th unit vector.

Proposition 4.3. The function y'(t,z), 1 < i < d, satisfies y'(t,z) = 0 on [0,
and for t > t; it is the solution of the IVP

yi(tia Z) = _[$]Z = _[h]i> yi(t> Z) = hx(ta x(ta Z))yi(ta 2)7 t >t (10)

Proof. Variation of a switching time ¢; will change the solution of IVP (19), (Ref.
14) only in the interval [t;,t;]. Hence, we have y’(¢,z) = 0 on [0, ;[. Furthermore,
the solution of IVP (19), (Ref. 14) can be written as

z(t, z) = z(t;, 2) +/h(s,:c(s, z))ds, t>t;.

tF

7

Differentiating this equation with respect to t;, we obtain

t

Yt 2) = (], 2) —a(t,2) + /hx(s,x(s,z))yi(s, z)ds (11)

it
which yields (10). O
The following obvious result is given for the purpose of completeness.

Proposition 4.4. The function y/ satisfies y/(t,2) =0 on [0,t;] and for t = t;
y/(tr, 2) = @lty, z) = h(ty, a(ty, 2)). (12)

4.2.2 Second—Order Variational Derivatives

For the computation of second—order variational derivatives of the states, we will
calculate only the entries 9%z/(0z;0z;) for i < j as the matrices 9%(z;)/02* are
symmetric for [ = 1,...,n. We use the following notations for the second-order



derivatives:

. 0%x o'
T A A T S L <i<j<d 1
v (t, z) 8(:Eo)j0(xo),~(t7 z) o), (t, 2), 1<i<j<d, (13)
i 0%z o' . .
j i j
- 0%z o' ,
’Ulf(t, Z) L= W(t, Z) = 8—tf(t,Z), 1 S 1 S n, (15)
y 0%z oy’ ) .
Jit2) = (1) = (t,2),  1<isjs<d (16)
jOLi j
, 0%z oy’
i .= =_-Z <i<
105) = a0 = G, 1<i<d (17
x oy’
Yt 2) : (1, 2), (18)

T TG T

respectively, 9% (t) := v"(t, 2), W (t) := w¥(t, 2) etc. Also the second—order varia-
tional derivatives can be computed via certain IVPs. For notational convenience we
shall omit all arguments of the variations in the ODEs.

Proposition 4.5. The function v (t,2), 1 <i < j <d, is the solution of the IVP
v (0,2) = 0, 09 = hev? + (V)T hypv?. (19)
Proof. By (9), the function v'(, z) satisfies

ty

Vit 2) = e +/hx(s,z(s, 2))v'(t, s) ds.

Differentiating this equation with respect to (x¢);, j > 1, yields

ty

vt z) = / (e, 25,2007 (1, 8) + (01 (1,9) e (s, (5, 2)07 (1, 5) ) ds
which proves (19). O

Proposition 4.6. The function w(t,z), 1 <i<mn, 1 < j <d, satisfies w(t,z) =
0 on [0,t;] and for t > t; it is the solution of the IVP

w(ty, z) = =o' (ty,2), @Y = how + (0) haay. (20)



Proof. As in Proposition 4.3, we have w” = 0 on [0, ¢;[. The solution of the IVP (9)
can be written as

tr

vt z) = v'(t;, 2) + /hx(s, z(s,2))v'(s, 2) ds.

Differentiating this equation with respect to t; yields

w(t,z) = 0'(t;, z) — 0'(t], 2)

ty

i
which proves (20) in view of the representation (9) for o' O

The following result is analogous to (12).

Proposition 4.7. The function v'/(t,2), 1 < i < n, satisfies
vty 2) =0 (ty, 2) = ha(ty, x(ty, 2))0'(t, 2). (21)

Proposition 4.8. The function y(t,z), 1 < i < j < d, satisfies y(t,z) = 0 on
0,¢;] and for t > t; it is the solution of the following IVP:

(a) Fori = j we have

Y (ti, 2) = —[he] — [ha]'h'™ — by’ (i, 2),

i ii i i (22)
9" = ey + () ey
(b) Fori < j the IVP is given by
yij(tja Z) - _[hx]jyi(tja Z)a y” - hxyij + (yZ)Thxxy] (23)

Proof. As in Proposition 4.3, we have y” = 0 on [0, ¢,[. Result (b) can be proved in
complete analogy to Proposition 4.6. In the proof for (a), differentiation of equation
(11) with respect to t; yields

t

' (t,2) =~ = i = G+ [ () ) s

In view of (10), IVP (22) is proved. O

The next two results are analogous to (12).

6



Proposition 4.9. The function y'/(t,2), 1 < i < d, satisfies

y (g, 2) = 9 (ts, 2) = halty, a(ty, 2))y' (tr, 2). (24)
Proposition 4.10. The function y//(t, z) satisfies

yff(tﬁz) = h(tf’x(tf’ Z)) = ht(tﬁx(tﬁz)) + hx(tfwr(tf’ Z))h(tf’x(tf’ Z)) (25)

Remark 4.1. If the control is bang-bang in [0, /], all terms involving u, and wu,
vanish in (2) and (3). Hence, we have h, = f, and h,, = f., in this case and
the representations of the variational derivatives are identical to those given by
Osmolovskii/Maurer (Ref. 9) for bang—bang controls.

4.3 Variational Derivatives of the Lagrangian

Consider a trajectory T = (&, ) which satisfies the necessary optimality conditions
(7)—(12), (Ref. 14) of the minimum principle.

4.3.1 First—Order Variational Derivatives

We will now calculate explicit representations for the first-order variational deriva-
tives of the Lagrangian with respect to the optimization vector z, i.e., the free initial
states, the switching times and the free final time.

Proposition 4.11. Fori=1,...,n the following holds:

_9
8(:):0),
Proof. Applying the chain rule and using (23), (Ref. 14) as well as the transversal-

ity conditions (8) and (9), (Ref. 14), the first-order variational derivatives of the
Lagrangian with respect to free initial values (z¢); of the states are given by

a A -~ ~ -~ ~ AZ‘ ~
L(2, po, p) = liwo); (Zv, L1, o, p) + luy (Zn, g, po, p)O" (Ty)
0(:)50)Z

L(2, po,p) =0 (26)

(27)
= —Ai(0) + A(£f) 0" (ty).
Together with (9), the last term can be written as
b
d s
i(0) + / %(Av ) dt. (28)

0
Let us transform the integrand. In view of (7), (Ref. 14), (9) and (4), we obtain
4
dt
Substituting (28) and (29) into (27) yields (26). O

(A0Y) = AD' 4+ \0' = (—H, 4 Ay )0' = 0. (29)

7



Proposition 4.12. Forit=1,...,d, we have

Proof. Equation (23), (Ref. 14) together with transversality condition (9), (Ref. 14)
yields
b
0 . e S i d
o, =—L(2, po, p) = lo; (Tv, Ty, po, p)U'(ty) = A(t)y" (t:) + dt()\ g')dt.
&
Due to (7), (Ref. 14), (10) and (4), the integrand satisfies
d

E(Agi) = M+ M\ = (—H, + \hy)i)' =

Furthermore, (10) implies that the first term can be written as

NG (B) = ~A(E) ) = —o (@)l =0
as per definition of a switching time, cf., Remark 2.1, (Ref. 14). This proves (30). O
Proposition 4.13. If the final time ty is free, the following holds:

0

Proof. Equation (23), (Ref. 14) together with transversality condition (9), (Ref. 14)
and equation (11), (Ref. 14) yields

0 A A .
at ‘C(Z> L0, p) = l:cf ($b> tf> L0, P)yf(tf) + ltf (Z’b, tfa Lo, P)
= (A\)(ty) = H(ts) = 0.
This proves (31). O
At this point, we will summarize our results.

Lemma 4.1. Let T = (&, 1) be a trajectory which satisfies the necessary conditions
(7)-(12), (Ref. 14) of the minimum principle. Then, the first-order variational
derivatives of the Lagrangian vanish, i.e.,

o ..
%E(za Po, p) =0.

In other words, Lemma 4.1 says the following.
Corollary 4.1. Let T = (Z,u) be a trajectory which satisfies the necessary condi-

tions (7)-(12), (Ref. 14) of the minimum principle. Then, the necessary conditions
(24), (Ref. 14) in the induced optimization problem (21), (Ref. 14) are fulfilled.



4.3.2 Second—Order Variational Derivatives

We will now present explicit representations for the second—order variational deriva-
tives of the Lagrangian with respect to the optimization vector z. Due to symmetry
of the matrix £.., we will only investigate the derivatives L., for i < j. After
presenting all results, we will give comments on how to prove the representations.
For notational convenience, we will drop all arguments in the endpoint Lagrangian
[ and its partial derivatives which will be evaluated at (i, ;, po, p).

Proposition 4.14. For1 <i < j <n we have

0? B
I Yo _ y
0(x0)ja(x0)i£(z, P05 ) = lwo)i(zo); + Liwo)iz, V7 (ty)

+ (ﬁi(ff»T(lrf(ro)j + lmfmfﬁj(ff))

. (32)
+ / (0 (Hpp + Hptiy + (ug)" Hyp )07 dt.
0
Proposition 4.15. Fori=1,...,n and j =1,...,d the following holds:
0? . . .
— L(3 = Loy G (Ep) + 0 (E)y o 07 (
Otjﬁ(xo)l (Zup07p) (o) fy(f)_'_v(f) ffy(f)
i (33)
+ / (0 (Hpw + Hputiy + (ug)” Hyp )97 dt.
£
Proposition 4.16. Fori=1,...,n we obtain
0? Fo
—L(2 = l(zp), Lwoyiz U (T

+ 0 ()" (Laye, + loja, 97 (Er)) + Haoly)0' (25).

Proposition 4.17. The variational derivatives with respect to the switching times
are given as follows.

(a) Fori=1,... d we have

o 5 i ini(f ~ih i3

i (35)
+ / () (Hpy + Hyputiy + ul Hyp )y dt.



(b) For1<i<j<dwe get

0? o . L
L(3 = —[H 0 (t;) + 07 (t ) 1, 0 0 (1
atjati (Z>p0ap) [ ]y(])‘l‘y(f) ffy(f)
g (36)
+ / ()T (Hypy + Hygtiy + ul Hyp ) dt.
7

Proposition 4.18. Fori=1,...,d we obtain

? o » N
76tf8t~£(z’p0’p) = (G )T (Loya, 97 (Fg) + laye, ) + (Hog') (Ey). (37)

Proposition 4.19. The following holds:

2 o .
aior, FE o p) = G @) Ly, 5 () + layty)

+ ltfxfgf(i?f) + ltftf _l_ (Ht + Hff)(ff)

(38)

The proofs for Propositions 4.14-4.19 are very similar. As an example, we will
give the proof for Proposition 4.17 below. The structure in each proof is as follows.
Applying the chain rule to calculate the derivative of £, one obtains one term includ-
ing a second—order variational derivative of the state. This term can be transformed
into an integral term in which the second—order variational derivative can then be
deleted by using the IVP representations calculated in the previous paragraph.

Proof. For both cases (a) and (b), i.e. 1 <i < j <d, we obtain

‘Ctitj = 8—%(le?/ ) |Z=2 =Y (tf)ll‘fxfy](tf) + ley ](tf)
In view of transversality condition (9), (Ref. 14), the last term can be written as
i
L 7(E5) = A3 (Ey) = AE)37E5) + [ 007 de (39)
t

Using the adjoint differential equation (7), (Ref. 14), ODE (23) for y* and equations
(4) and (5), we have

d. ... g g . _
— (A7) = —H,§"7 + Ny + NG Pt

dt

for the integrand. We point out that equation (4) was essential to delete the second—
order variational derivative 3 from the integrand. For the first term in (39) we will
consider the cases ¢ = j and i < j separately.

10



(a) For i = j, the initial condition in (22) for §%(#;) together with (4) yields

At " (t:) = M) (=[he) — [ha] W'~ — BTG (L))
= —[H)] — [Ho]'h'™ — H ' (&)

Due to the initial condition (10) for §*(f;), we have Hi~§*(;)+ Hi~[h]* = 0 which
can be added to the last equation. Together with (14), (Ref. 14), this yields

AE)G" (&) = —[H]' — [H]'h'™ — H g (&) + Hy [h] + Hy 5 (6:)
= D'(H) — [H.]'g"(t:).
(b) In the case i < j, using initial condition (23) for §%(;) and (4), we obtain

Mhal' ' (E) = —[Nha )3 (E) = —[Ha) ' ().

>
—~
<
~—
>
<
~
<
N~—
I
|
>
—~
<

Hence, (35) and (36) are proved. O

We note that the proofs for Propositions 4.16, 4.18 and 4.19 are simpler as we have
given direct representations of the corresponding second—order variational deriva-
tives instead of IVPs in the last paragraph. Hence, after applying the chain rule,
the second—order terms can directly be replaced instead of using the integral ap-
proach.

We will summarize all results for the second—order variational derivatives of the
Lagrangian function.

Lemma 4.2. Let T = (Z,u) be a trajectory which satisfies the necessary conditions
(7)-(12), (Ref. 14) of the minimum principle. Then, the second-order variational
derivatives of the Lagrangian are given by (32)-(38) and hence, depend only on
first-order but not on second—order variational derivatives of the states.

4.4 Variational Derivatives of the Function &

Concluding the variational computations in this section, we will now calculate the
variational derivatives of the function ® which are essential for the verification of
second-order sufficient conditions (25), (Ref. 14) if the induced problem involves
constraints. Applying the chain rule, we obtain

0 . s i _
0(:L’0)Z(I)(Z) = QS(xo)i(xba tf) + ¢xf (Zlfb, tf)U (tf)7 v = ]-7 sy Ny
o o |
Z0() = 6, (i i), =1 (40)
o .. PSP .
a—tfq’(z) = Gy (B, 15) 57 (B5) + b1, (20, 1)

11



5.2 Goddard Problem

We consider the following optimal control problem with three state variables h, v
and m, a scalar control u and free final time ¢;. This model can also be found in
Bryson/Ho (Ref. 15) and Maurer (Ref. 16). We note that we have taken over the
notations from the references as the notations therein are suitable to the meaning
of the occuring functions and parameters (see below). There shall be no confusion
with the notations used before.

max h(ty)
S o:%(cu—p(v,h))—g(h), = —u,

h(0) = ho, ©v(0) =wvy, m(0) =mg, m(ty) =my,
0 <wu(t) <u™™ Vitel0ty].

(41)

Here, h denotes the height, v the velocity and m the mass of a rocket which shall
be controlled to a maximal height at the end of the time horizon. The initial mass
my consists of the rocket mass my and the mass of the initial amount of fuel in the
rocket. The dynamics involve the drag function D(v, h) and the gravity function
g(h) which are defined as

2
D(v, h) = av? exp(—fh), h) = go—2 .
(v, h) p(—03h) g(h) 900 )2
The data are taken from Maurer (Ref. 16):
a=0.01227, §=0.000145 go=9.81, ro=6.371-10°, ¢= 2060,
mo = 214.839, my = 67.9833, u™™ =9.52551, hy=1vy=0, ¢t free.

The Hamiltonian and the switching function are given by

Hiz M\ u) = Ao + AU(%(cu — Do, 1))~ g(h)) — Ao

CcAy
m

o(x,\) = Am.-

Using the solver IPOPT, we obtain the following optimal control structure:

ymax 0<t<t,
u(t) = ¢ uE(x(t), t; <t <t
0, ty <t <ty

where, as it is shown in Maurer (Ref. 16), the singular control of order ¢ = 1 can
be obtained in the feedback form
D (¢ —=v)Dy + (Dy + ¢Dyy)g + c(mgp, — Dypv)

singh S
W h,v,m) = +m D +2¢D, + D,

12



Hence, the induced optimization problem involving the optimization vector z =
(t1, 2, t)7, respectively, Z = (G, Ga, Gs)7 s given by

min h(ts, z)
s. t. m(ts,z) —myg = 0.

NUDOCCCS provides a solution with switching times t; = 4.11526, t5 = 46.04061
and the final time ¢; = 212.90299. The maximal height is h(t;) = 161445.136 and
the jumps of u are given by [u]' = —7.39657, [u]*> = —4.18838. We depict the control
with the switching function in Figure 1 and the states in Figure 2.

10, 5000
8 —uo 4000
6 3000
4 2000 —o(t)
2 1000
o 0
0 50 100 150 200 0 50 100 150 200

Figure 1: Optimal control u and switching function ¢ for the Goddard Problem

x 10% 2000,

—v(t) 200, —m(t)
15 1500
150
10
—hey 1000
5 500 100
% 50 100 150 200 % 50 100 150 200 0 50 100 150 200

Figure 2: Optimal states h, v, m for the Goddard Problem

Finally, we will verify the SSC for this solution 2. Figures 3 and 4 show the first—
order variational derivatives of the states with respect to t; and t, respectively,
where ¢’ satisfies IVP (10) with initial condition y'(t;) = (0, —c[u]’/m(t;), [u]))7,
1=1,2.

—v0

1000|

05

()

Figure 3: First-order variational derivatives yi, ya, y5 for the Goddard Problem
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Figure 4: First-order variational derivatives v}, y3, y3 for the Goddard Problem

In view of (37), (38) and transversality condition (9), (Ref. 14), we obtain the
following entries in the Hessian matrix of the Lagrangian:

‘Ctz‘tf = (Hl‘yl)(tf) = _y;(tf)7 1= 1727 ‘thtf = (fo)(tf) = g(tf)>

whereas the entries Ly, 1 <4 < j < 2, are given by (35) and (36). Here, D'(H) =
D?*(H) = 0 holds due to Corollary 2.2, (Ref. 14). Furthermore, we have

B, = () (tp) = ws(ty), i=12, Py = (Gey")(ty) =0.

Note that ®;, = [u]*> = —u*™8(¢;) holds as we have g2 = 0 along the interval J;.
Hence, we obtain

—207556.986340 —16491.426723 —1494.323147
L, = —16491.426723  —1235.204985 —128.567507 |,
—1494.323147 —128.567507 9.331096

¢, = (—51.635009, —4.186749,0).

Obviously, z is normal but the matrix £, is not positive definite on R3. However,
the reduced Hessian matrix defined in (26), (Ref. 14) is given by

How— NTLLN — ( 74.082672 —7.378291 )

—7.378291  9.331096

and hence, positive definite on R? with eigenvalues 74.9128 and 8.500999. Therefore,
the switching times and the final time are optimal due to the SSC (25), (27), (Ref.

1~4). We conclude with the remark that NUDOCCCS provides the matrices £z; and
®: which lead to similar matrices £,, and ®, by using formulas (31), (Ref. 14):

—206969.265855 —16492.177383 —1492.002048
L, = —16492.177383  —1239.847916 —128.833926 |,
—1492.002048 —128.833926 9.327778

®, = (—51.560409, —4.195724, 0).

The reduced Hessian is obtained as

0o 73.2412 —7.39793
red =\ 739793  9.32778

14



with eigenvalues 74.0863 and 8.48265. In comparison to our method, the maximal
relative difference of the matrix entries is 1.14%, the maximal relative difference of
the eigenvalues is 1.10%.
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