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1 Introduction

We estimate the remainder between Fourier coefficients of a 27 periodic function f and
their discrete counterparts computed by a discrete Fourier transform.

To this end, By, denotes the space of 27 periodic bounded and Ry, denotes the space
of 27 periodic Riemann integrable functions. Furthermore, let C5, be the space of
continuous 27 periodic functions, i.e. Co; C Ror C Bo,.

For f € Ry, the typical discretization (f") (k) of Fourier coefficients

P =5 [ s

is given by a quadrature formula on 2n+1 equidistant knots u; ,, := j-%, —n<k<n:

2n
(PN 1= 5y D fluga)e ™.
=0

S (f")i(k)ei* is the Lagrange interpolation polynomial of degree at most n that
interpolates f at the knots u; .

The error rate of |f*(k) — (f*)% (k)| depends on the smoothness of f that is measured
in terms of moduli of smoothness. This is a fundamental concept of Approximation
Theory that discusses first and higher differences that — in contrast to derivatives —
always exist (cf. [15], and [1] for computation of moduli).
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Let f € By, and r € N be a natural number. The r-th difference of f at point ¢ on the
real axis R is defined as

ARf(t) = f(t+h) = f(t), ALf(L) = AN f(t), r>1, or

2070 = S (1) e+ m

=0
The 7-th uniform modulus of smoothness (or modulus of continuity) is the smallest
upper bound of the absolute value of r-th differences:

wr(0, f) :==sup{|ALf(t)| :t €]0,27],0 < h < 6}.

This modulus typically is used for (uniformly) continuous functions for which it con-
verges to zero with a certain rate when 6 — 04.

Since we discuss Fourier coefficients that are defined via an integral we need to introduce
the integral modulus

27
wr(6, £ Ib.) == sup / ATF(1)] dt.
0

0<h<d
defined for Lebesgue integrable, i.e. especially for Riemann integrable, 27 periodic
functions f. Instead of the supremum norm here the Ly, norm || f||,; = Ozﬂ |f(t)] dt

is used, where Ll _is the space of 27 periodic measurable functions having finite L} _
norm. Obviously,

wr (6, f, Ly) < 21w, (6, f).

With the help of the integral modulus we now derive a naive error bound for Fourier
Lagrange coefficients.

Lemma 1.1 Let f € Ry, be a function that can be represented by its Fourier series
on the set {uj, :n €N, je€{0,1,2,...,2n}}. Additionally, forr € N and o > 1 we
assume that w, (0, f, L3.) = O(6%) (6 — 0+4). Then there exists a constant C,. > 0 only
dependent on r (and not on k or n) so that forn € N and —n <k <mn

AR = () = D Ak +m(2n+ 1)) SCT%- (1.1)

meZ\{0}

For the sake of completeness we give a short proof of this estimate that is based on the
Riemann Lebesgue type estimate with orders (cf. [2, p.168], k # 0)
1
70 < G (1L ) (1.2

where the constant 0 < C,. < oo only depends on r € N. Because of (1.2) and a > 1
the Fourier series is absolutely convergent:

S 10k < 1O +26 3w (5 ALk )
k=1

k=—o00

< M0)+2C,> Ck™ < oo,

k=1



At anode t = uj,, all functions '™+t have the same value e?*%.n and as assumed
f(ujn) is the limit of the Fourier series at the point u;,. Since the series is absolutely
convergent we can change order of summation and find for each sample point w;,,:

n

f(uj,n> _ Z f/\(k)eiku]"n _ Z Z f/\(k_'_m(zn_'_1))€i[k+m(2n+1)}u‘7‘yn

k=—00 k=—nm=—0o0
= > | DY fl+m2n+1))| et
k=—n Lm=—oc
Since the interpolation polynomial >",_ _ (f"):(k)e™™ of degree at most n for the knots
ujn is unique, the following representation of Fourier Lagrange coefficients holds true:

(k)= > f(k+m(2n+1)). (1.3)

m=—0Q

The distance between (1.3) and f”(k) is the well known aliasing error. Again, we apply
Riemann Lebesgue type estimate with orders (1.2) for —n < k < n:

[fA (k) = (FnB) < DI (k+m2n+ 1)+ [f(k —m(2n + 1))]]
m=1
<Coolw< ! fL1)+w< ! le)}
- T T \km2n 1) "\m@n4+1) -k
- 1
S 2Crmz::1wr (%7][‘7[’%#) .
Because of w,(d, f, L) = O(6%) with a > 1 one gets
A v l 1 1
[ (k) = (fP)R(R)] < Clﬁm:lﬁ =C v

Please note that, if f € Co, and w, (4, f, L3 ) = O(§%), the Fourier series is uniformly
convergent to f thus fulfilling the requirements of Lemma 1.1.

It seems to be natural that some additional smoothness like o > 1 is needed in con-
nection with pointwise interpolation. But what can we obtain for a < 17 For example
«a = 1 occurs for the the non-continuous but piecewise constant function

0, t=—mundt=0,

folt): =< 1, te€]—m,0, (1.4)
-1, t€]o, 7.
that can be written as the convergent series fo(t) = —> o, ﬁ sin((2k — 1)t).

The next sections deal with the averaged modulus and its properties. Then we derive an
error estimate for Fourier Lagrange coefficients that does not require extra assumptions
on the smoothness of f. The last section shows that the error estimate can not be
improved. We establish this sharpness in terms of counterexamples via a gliding hump
theorem that uses a resonance condition. To show resonance we utilise the aliasing
effect of the discrete Fourier transform.



2 Delta norm and averaged modulus of smoothness

Point functionals like interpolation operators are not bounded with respect to the Li_-
norm. Therefore one can not write related error bounds in terms of w, (6, f, L3 _). The
averaged modulus of smoothness or 7-modulus is better suited. For certain classes of
functions it behaves similar to w, (8, f, L3_) but shows significant better rates than the
uniform modulus. Instead of dealing with a sup-norm we follow [3] and [16] and use
the d-norm

Hﬂw:A”M@ﬂww

where a local supremum is defined as (cf. [13])

M(57 f7 x) = ||f“B[m—6,x+5} = Sup{‘f(t)‘ it e [m — 5,(13 + 5]}

Because of [8] we are allowed to define the J-norm with a Riemann integral instead of
an upper Riemann or Lebesgue integral. For m € N and A € R, A > 0, one has (cf.
[13]):

[ fllma < ml[flls, [l < T+ N[ f]ls- (2.1)

Single function values do influence the 6-norm which usually is used to measure errors
in connection with approximation processes for Riemann integrable functions. In this
function space smoothness is measured by the 7-modulus. To introduce this modulus
we deal with the r-th local modulus of smoothness of f at a point x. For § > 0 it is
defined as

wr(6, f,x) = sup{|A2f(t)| t,t+rhe [:B—rg,:vjtrg} ,0 < hgd}.

If f is measurable then the local modulus is measurable as well (see [15, p.13]). Fur-
thermore, in [8] it is shown that the r-th local modulus of smoothness of a Riemann
integrable function on a compact interval [a, b] is Riemann integrable itself. By selecting
la,b] = [—r%, 2 + 7’%} this result holds true for w, (9, f, ) as defined here. Therefore,
apart from Sendov’s and Korovkin’s definition of 7-moduli via the Lebesgue integral
(cf. [15, pp.12]), for f € Ry, we can use the Riemann integral to define (cf. [3], [7], [11],

[16]): N
7(6, f) ::/0 w, (0, f, 1) dt.

The local modulus behaves similar but not exactly like the corresponding uniform
modulus because the interval of the local modulus depends on r and § (see [15, p.8]):

s, f) < (2n)'5(, f), (2.2)
(5, f) < 2ﬂ;1(;£7&f>r§2n_ﬂ2&f)§2”*5%4(&f),T>1~ (2.3)

For differentiable functions differences can be replaced by derivatives. Let Céj) the
space of 27 periodic r-times continuously differentiable functions with norm || f ||§’;3 =
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S 1F gy, where || f®)] 5, = supeoon [fP (). For f € CiY and r > 1 there
holds true (see [4], cf. [15, p.2])

wr((sa f) S 6(*‘}7“—1(6’ f/)a (24)
, ; |
wr1(6, f) < C'T/O wy(t, f)t_2 dt. (2.5)

For the integral modulus and averaged modulus (2.4) also is true (cf. [15, p.8]): If
f € Li_is n-times absolutely continuous with n-th derivative in L} ;1 < n < r, it is
well known that

we(6, f, Lye) < 0"wrn (6, f™, Ly,),
(0, f) < Cr,nénTr—n((Sv f(n)>-

As a consequence of Marchaud’s inequality (for the averaged modulus cf. [15, p.12])
there is a relationship between the rates of moduli defined for higher and lower differ-
ences. For f € Ry, and r € N:

O(0%), a<r,
Tr41(0, f) = O(0%) = 7.(, f) =< O(|Iné|o"), a=r, (2.8)
O(d7), a>r.

Estimate (2.3) immediately shows that on the other hand (r,n € N, a > 0)
7-7’(57 f) = O(éa) - 7—7’+n(67 f) = O(éa) (29)

The same implications hold true for the uniform modulus (f € Bs,) and the integral
modulus (f € L}).

Also, all moduli of smoothness show saturation behaviour: If 7,.(d, f) = 0(0") then
wy (6, f, L) = 0(6"), and it is well known that the 27 periodic function f has to be a
constant a.e. If a 7-modulus on an interval [a, b] shows saturation behaviour, then the
function has to be an algebraic polynomial of degree r — 1 without the restriction a.e.
The proof given in [7] can be extended to the 27 periodic case without modification.
Therefore (f € Bay):

7,00, f) = 0(8") <= f = ¢ for a constant c.

3 Comparison between different moduli

Obviously, there is
wr(aa f7 L%ﬂ') S TT((;’ f) S 27‘“")7“(57 f) (31)

For discontinuous functions the moduli indeed can show different rates, for example
(see (1.4))

wr(éa an Léw) = 0(5)> 7_7’(57 fO) = 0(5)> wr(éa fo) 7é 0(1)
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Consider fi(j27) := 1 and fi(t) := 0 elsewhere. Then exact values of the moduli
directly follow from the definition of r-th differences:

wr(6, f1,I5) =0, 7(8.f1) = (é)-ra, wr(8, f1) = m)

where [ﬂ is the biggest integer less or equal 3.

In what follows we compare uniform and averaged moduli. For a given ¢ > 0 we find
some point ty where |w,(0, f,to) — w, (9, f)| < e. Since w,(26, f,t) > w.(9, f,ty) for all
te [to — r%,to + 7’%}, we have

) )
0—T3 tO_T’§

t0+7‘% to—l—r%
(26, f) > / (26, f. ) dt > / (8, f.t0) dt > 16 [, (6, f) — €]

so that with (2.2)
4r+1

wrl6.) < (26, F) < T on(6.) 3.2

Therefore, if 7,(d, f) = O(6'7%) for 0 < o < 1 then wr(é, f) = O(6*). Implication (2.8)
also holds true for the uniform modulus: wi(d, f) = O(6*). This in turn means that
f is continuous. So if one expects for 7,.(d, f) a higher rate of convergence than O(§),
one has to assume continuity.

Because of (3.2) the rate of convergence of 7,.(d, f) in comparison to w,(J, f) can not
be better than one additional power of §. But on the other hand this best possible
rate can be obtained for a certain class of functions. Indeed, for absolutely continuous,
nonconcave functions on a compact interval [a,b] this has been shown in [7] by using
second differences.

Let us look at the 27 periodic continuous functions

ga(t) :=|sint|*, 0<a<1.

By splitting up the integration interval I ] of the 7-modulus into the intervals

0,2
]112[0,5],]2.— [(5,75 (5,]3.— [5 5], [5"‘5,71'—5],
Is:=[m—0,m+ 6], Is = 7r+5,37” ] :[—’T 5,37”—1—5],
Iy:=[3 +6,2r — 6] and I := [27 — 4, 27T] one gets
n(090) < Slalsgn M+ [ gty
I2UILUIgUIg

< 80wn(0,ga) + 4 / a6, g ) .

I

On I, functions —g, are nonconcave because —g’,(t) = —a costsin® 't and
ga(t) = —a [—sintsin® "t + (o — 1) cos® tsin® > ¢] > 0.

According to [7] we get

/ wa(6, g 1) df / wa(8, —gas 1) dt < 861(5, —ga)

I I
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so that we finally have

T2 (57 ga) < 89 [(UQ((S’ ga) + 4w1 (57 ga)] < 80 [2(“)1 (57 ga) + 4w1 (57 ga)]
= 486w (0, g,) < 48511 (3.3)

On the other hand w (9, go) shows no better rate than §%. For 0 < 7 a second difference
at the point 0 gives:

™

wW2(0, Ga) = |ga(—0) — 294(0) + ga(d)| = 2sin%(0) > 2 (g)aéo‘. (3.4)

Next we compare integral and averaged moduli. We start with a weak type inequality
that holds true for continuous functions f (cf. [15, p.18] and the literature cited there)

é
(6, f) < C\6 /0 t 2w (t, f, Ly,) dt.

So if continuous f satisfies Lipschitz condition w,(t, f, L ) = O(6%) for a > 1, it
follows:

5
7.(0, f) < 05/ t72 dt = O(5).
0
Therefore, for « > 1 and f € Cy, both moduli behave equivalent (cf. (3.1)):
7:(8, f) = O(6%) <= w, (4, f, Ly,) = O(67). (3.5)

Regarding rates the averaged modulus does not show a disadvantage against the in-
tegral modulus. For a < 1 one immediately gets a corresponding result for piecewise
monotonous functions:

Lemma 3.1 Let 0 = 29 < 11 < 29 < -+ < x, = 27w and f € By, a function that
is monotonous on each of the intervals [xp_1,2k], 1 < k < n. Then for 0 < § <

ming <p<n(Tr — Tp—1):
71(6, f) S wi(6, f, Lyy) + ndwi (6, f).

Especially, for 0 < a < 1:

w1 (9, f, Léﬂ) = 0(0%) <= 11(0, f) = O(6%). (3.6)
Proof
716, F) < ndwi (5, ) +Z/mk" (6, 1) dt
T 1+2
< néwi (6, f) +Z/ <t——)—f<t+g)'dt
Th— 1+2

S n5w1 (5, f) + wl((sa fa L27r)‘
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In fact there are continuous functions f that are nowhere monotonous, i.e. there is no
interval [a, b] C [0, 27] on which f is monotonous. Therefore, it appears to be an open
problem if one can replace piecewiese monotonicity by continuity, thus extending (3.5)
to a > 0.

Lemma 3.1 combined with (2.8) and (2.9), that hold true for both the integral and the
averaged moduli, implies that

wr((sa fa L%w) = O(da) — wl(éa f> L%w) = O(da)
= 7(6,f) = 0(8%) <= 7.(6, f) = O(57)

for piecewise monotonous functions, 0 < a < 1, and » € N. So for many functions
integral moduli and averaged moduli show the same rates.

4 An error bound for Fourier Laplace coefficients

After discussing properties of the 7-modulus we now apply this concept. We follow
[14, p.41] to establish an error bound for |f"(k) — (f")%(k)| and f € R, in terms of
T-moduli:

1 27

2

1 2n 1 2n Ujt1,n
RO < Gy Dol = 523 [ s ar

Uj+1,n 2
z/ < nvi)
1 2w
e )
<—||fH_ S — 12

Since (f")x(k) is computed from discrete function values, |(f"): (k)| can not be esti-
mated against an integral norm of f.

|7 (k)]

IN

1
[f@)dt < o—lfll 2,

IN

IA

1+7r

To estimate the difference between f”(k) and (f")%(k) one uses the property that
p"(k) = (p"); (k)
for all p € I1,,, i.e. trigonimetric polynomials p of degree at most n. This is because the

interpolation polynomial of p equals to p. That allows us to compare | f"(k)— (f")% (k)|
with an error of best approximation. For each p € II,, we get

[fA k) = (B = (I = pI" (k) = ([f = p]")5(R)]
< = el W)+ [(Lf = o) (k)]

1 1+7r 1
—If =y +

-l = [+ ] 1ol

IA



Therefore, the error E,, of best polynomial approximation is an upper bound:
1 1 1

P = (P00 < [+ 2| el = ol sp € b= 5+ 2] Eufi ). ()

Is is known (cf. [12]) that E,(f; Rer) < Co7.(, f) where the constant C, is independent
of f and n. We have shown the following result (see [14, p.41]):

Theorem 4.1 For f € Ry, there holds true the error bound (|k| < n):
1 1 1
0=l < [+ 2] G (5r) sReonow (Lr). 4

With (3.5) this gives another proof of (1.1) for continuous functions. With (3.6) it
extends (1.1) for piecewise monotonous functions like fy (see (1.4)) to 0 < a < 1.

5 Sharpness of the error bound

The main proposition of this article is the following result. It proves that in (4.2) the
error can show the same rate as the 7-modulus, when at the same time the rate is
strictly better than the rate of the uniform modulus (up to one power of <).

Theorem 5.1 LetO0<a<1. Forr=1and0<f<a,orr>2and0<f<1—aq,
there exists a counterezample fo g € Cor so that for each k € Z there holds true
Tr (57 foc,ﬁ) = 0 (57“—14—04) ’
O(89), r=1,

wr(5,fa,ﬁ) 7é {O((ST—2+Q’+6)’ 7122’
200 = G201 # 0 (s )

Because of (4.1) the counterexample also establishes the sharpness of the estimate
E.(f; Ror) < CT’TT(%, f) for the best approximation:

En(fos: Ran) # 0 (nr—11+a) .

+

As a consequence of (3.2) there is w, (0, fa3) < %TT((S, fap) = O(0"2%%). Therefore

there can’t be a counterexample with w, (6, fo.5) # O(6"2T).

For r = 2 the following proof additionally shows that one can set 3 = 0 if one restricts
the values of k£ to a finite subset F C Z. Then there is a counterexample f,o € Cor
such that for all k& € F:

TQ((S,fap) = O((Sl+a),
w6, fa) = cd%, (5.1)

2008 = (2000 # o () (5:2)




In the context of Approximation Theory such negative results are often obtained on
the basis of quantitative extensions of the uniform boundedness principle developed by
Dickmeis, Nessel and van Wickeren (cf. [5] and [6]).

An abstract modulus of smoothness is a function w, continuous on [0, 00) such that,
for 0 < 51, (52,

0=w(0) <w(d) <w(d +2) <w(d1) + w(da). (5.3)
The functions w(d) := 0%, 0 < o < 1, satisfy these conditions.

For a (real) Banach space X with norm || - ||x let X~ be the set of non-negative-
valued sublinear bounded functionals T on X, i.e., T' maps X into R such that for all
frge X, ceR

Tf=0, T(f+g) <Tf+Tg,  T(cf)=IclFf,
[T x~ :=sup{T'f : || fllx <1} < o0.
Theorem 5.2 Suppose that for a family of remainders {T,,, :n € Nk € B} C X7,

where (B, )nen s a sequence of non-empty index sets, and for a measure of smoothness
{Ss:0 >0} C X~ there are test elements g, € X such that (6 > 0,n — o0)

lanllx < 4 for alln € N, (5.4)
Ssg, < Cymin {1, 0(5)} forallneN, § >0, (5.5)

| Thkllx~ < Cs, for all k € B,, n € N, (5.6)
Torgi < CuiCsjon forall1<j<n-1,keB, neN, (5.7)
Toign > Cox >0 for all k € By, (5.8)

where o(d) is a function, strictly positive on (0,00), and (pn)nen C R is a strictly
decreasing sequence with lim, .. ¢, = 0. Then for each modulus w satisfying (5.3)
and

there exists a (strictly increasing) subsequence (ny)reny C N and a counterexample f,, €
X such that (6 — 04, n — o0)

Ssfo = O(w(o(9))),
Tn,k.fw 7é O(W((pn))

for each k € B := limsup,_ . B, := [ U B,,.

k=1 j=k
For a proof using a gliding hump, further comments, and applications to Approximation

Theory see [5, 9, 10] and the literature cited there. We use this general concept in the
following proof.
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Proof of Theorem 5.1 Let » € N. We choose parameters as follows: Let X := 02(;_1)
be the Banach space with norm ||f||c§:-:1) = ZZ;E 1 £ 8 Byrs Trnf = 0" f (k) —
(fMEEk)|,neN keB,:={-n,—n+1,...,n—1,n} such that

1
2n+1

Z!IfIIB% <720 fll g,

Towf <0 | Ifll o, +

o 1Tkl oty S 2n"~! showing (5.6).

Setting S5 f = w; (5’ f(r—l)) it follows S5 f < 2| f{| ;-1 and therefore ||S(;||[C<T-71)]N <2,
27 27

ie S5 e[CoV).

The rate of convergence is described by ¢(d) := § and ¢, := 1.

Key to the proof is the definition of the resonance sequence

2n

gn(t) = nr—1 Z 2\n—j|6( Tl € H3n+1~
j=0

Please note that the lowest frequency of this sum is n + 1 meaning g/ (k) = 0, |k| < n.
When computing the error we therefore only have to deal with the Fourier Lagrange
coefficients. The aliasing phenomenon will give the resonance condition (5.8).

We first verify (5.4):

2n

1 1 Z n
lgnllogn < = > g le ™ g
j=0
n -1 o
1| Bn+1)t
< 1+2Z Z3n+1]< —1+QZ§]TT
— j=0 7=0
1+ 1 < 3471 (5.9)
= — — r- . .
1— % T

Condition (5.5) is satisfied because of

5 2n 1 -
Ssgn = w1 (8,97 Y) < 6[|g 5, < e [Z Sln= ]|(n+1+])

j—

r—1
< 0 {1+121}(3n+1)’":53(3n+1)(3n+1)
)

nr1 n

< d12n4mt = 4"—112@
©n

and (see (5.9))
S(Sgn < 2||g(r 2 ||B27r < 2”971”05"*1) < 67“47,_1

so that Ssg, = O(min{1,c(3)/¢n}).
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To show (5.7) we discuss two cases: If n > 3j + 1 Fourier- and Fourier Lagrange
coefficients of g; € Il3;4; are identical: T}, g, = 0. If n < 35 + 1:

Tokgi < NTuklico-npllgillge—n <2070 3r 47

< 2-(3j+1) 34t

Together, both cases give (5.7):
Torkg; < Csjpopforalll<j<n-1keB,, neN.

It remains to show the resonance condition (5.8). Because (1.1) holds true for g,, we
can compute the error:

Topgn = 1" gn(k) = (gp)n(k)] =n""gn(k + 2n + 1)|
nt 1

— F% = C6,k > ( for all k € ]Bn

We can apply Theorem 5.2 for w(d) := §%. Since (ny)ren is a strictly increasing sequence

it follows o .
B:=( B, =(Z=2
k=1 j=k k=1

Therefore, we get a counterexample f, € C’z(;_l) such that for each k € Z there holds

true (6 — 0+, n — o0)

N
=

(2.4)

5wy (0, fUY) = 67 Ss fo = O(0"),  (5.10)
271w, (8, fo) = O (677179),

wr((sv fa)
7 (6, fa)

0G50 = —STuh Ao ().

VAN VAW

We have shown the sharpness of the coarser error bound
. 1
70 = (0] = € (3.7)

This especially is true for the finer bound |f"(k) — (f")i (k)| < C7 (£, f). Now we

will modify f, by adding a function that is smooth with respect to the 7-modulus but
less smooth with respect to the uniform modulus. Then only the finer bound becomes

sharp.

. : B : £
Here we define 27 periodic functions gg; := |sint|z, ggo = |sint|*"z, and for r > 2

t
0= [ la3r1 = 1O
Because of (3.3) for o = 5 and (2.8), (2.7) we find (r > 2)

72(0,951) = O (6°%) = 11(8,g5.) = O(9),
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gpr € 05’7;‘2) and

1 (5530) < G- g = 0 (19).

The function fu 5 := fa + gg, fulfills condition 7,.(, fo5) = O(6"~11%).

The corresponding remainder for r = 1is (£ =0 ()):

1
Tk (fa+931) = Tapfo—Turgsar > Toxfa—am <g7 gﬁ,l)

1 1
Z Tn,kfa_c2_7£0< )
n

na

For r > 2 there is (note that —5 =0 (-%)):

[E]
notz

1 1
Tn,k (fa + gﬁ,r) Z TnJgfa - Tn,kg@r Z kafa —C ot 2 % o (—) .

nr2 ne
If one sets § = 0 and restricts k to elements of F C Z, where F is a finite set, then this

estimate also holds true for f, o 1= fo + 2%01 g, With

co = r]glin limsup n®T, 1 fo > 0.
€

Especially for r = 2 this gives (5.2).

S0 fa,3 demonstrates that the error bound in terms of the averaged modulus is sharp.
It remains to estimate the rate of the uniform modulus. For r =1 (0 < § < 7) and
G < « there is

w1 (5a fa + gﬁ,l) Z w1 (57 gﬁ,l) — w1 (57 fa)
B
— > (3) 5 —c5a¢o(5
v

B
2

Nis

> ||sin(0+9)]2 — |sin0|§

This implies wy (6, fo + gp1) # O(6°).
For r > 2 we start with (3.4), i.e.

wa (8, g5.2) > C5T5. (5.11)

Note that this is also true for g = 0 giving (5.1).
If we assume that w,(, gg,) < C6" 20 we get for r > 2:

) (2.5) 6 1
wr-1(0,98r-1) =wr-1(6,95,) < C1 [ w(t, gg,r)t—Q dt
0

1)
< 02/ tr—4+a+6 dt < Cgé(T_l)_2+a+6.
0

By iterating this argument it follows

w2(8, gsp) < C3°F7

13



in contradiction to (5.11). Because of (5.10) we have shown

wr(é’ fat gﬁﬂ’) > wr(éa gﬁ,r’) - wr(éa fa) 7"é O((;T_2+a+ﬁ).

So far we have excluded the case a = 1. We restrict ourselves to r = 2 and again
discuss

g9(t) := g1.1(t)=|sin(t)

+§: costt] Z T3 g2kt
—1

k——oo Y

I

We already know that (see (3.3) for o = 1)
75(6, ) < 480wy (6, g) < 4807,

Let |k| < n. For coefficients with an even index we find:

1(g™)E (2k) — g™ (2k)| = i (2k +m(2n + 1)) + ¢"(2k — m(2n + 1))‘
_ i (2k + 2m(2n + 1)) + ¢"(2k — 2m(2n + 1))‘
1| 1 1
| T m@ 0 T T e mEn 1P

All summands are negative and we can continue for & > 0

1 — 1
/\*2]{: _ /\2]{: >
I(g7)0(2k) = 9" (k)| = 27rmzzli—[k+m(2n+1)]2
1 & 1 1« 1
> 2 5=
- QW; [E+m(2n+1)]2 — 27?; [n+m(2n+1)]?
l — 1
> p2— —  _ —cn?
= 27Tmz::1[1+3m]2 o

thus establishing the sharpness.
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