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Abstract Polygons can be seen as closed parameterized curves. Their parameteri-
zations can be chosen as continuous, piecewise linear, periodic functions. Such func-
tions possess a convergent Fourier series. Often polygons are classified with Fourier
descriptors defined via Fourier coefficients of the parameterization. This fact moti-
vates the discussion of the approximation error of Fourier partial sums of piecewise
linear functions. More generally, the paper investigates convergence rates for peri-
odic splines using elementary techniques of calculus. For example, such splines are
used as curve parameterizations for active contours. Error bounds are shown to be
best possible. An interesting effect is that the convergence rate at knots is different
for odd and even degrees of piecewise polynomials. The slower rate for polynomials
of odd degree can be used to detect dominant corners of contours.
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1 Introduction

In the field of pattern recognition, Fourier descriptors [5, 15] are standard features
describing closed contours. They are derived from Fourier coefficients and often are
invariant against scaling, rotation, translation and even shearing. [16] provides an
overview and comparison.
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For practical purposes, closed contours have to be represented by few parameters
based on sampled values. The most elementary approximation to a contour is by a
polygon, i.e. by a curve with a piecewise linear parameterization that can be peri-
odically continued. More generally, periodic splines can be used, see for example
the monographs of Wahba [14, Chapter 2.1], Bojanov [3, pp. 117-131], Berlinet and
Thomas-Agnan [2, Chapter 2.4.2], and de Boor [6, pp. 282-289]. For segmenting or
reproducing shapes, active contours based on periodic splines (also known as snake
splines) are an established means (see [10], [7] gives an overview).

Fourier descriptors often have to be computed on such representations because
the original exact contours are not available due to sampling. Therefore it becomes
interesting to analyze Fourier series of piecewise linear functions, and more gener-
ally, of periodic splines. The better Fourier partial sums represent such splines, the
better Fourier descriptors might represent a corresponding contour.

Spline-based quadrature formulas are used to improve the numerical computa-
tion of Fourier coefficients, see [6, pp. 288—289] and the literature cited there. How-
ever, we start with the spline representation and compute its exact Fourier coeffi-
cients. Those can be seen as numerically computed Fourier coefficients of an un-
known, exact parameterization of a contour curve. Given the exact spline’s Fourier
coefficients, we analyze error bounds for Fourier partial sum approximations of the
splines.

Whereas it might be difficult to exactly compute Fourier coefficients of parame-
terization functions of arbitrary curves, they can easily be obtained for splines (cf.
[13] for polygons), especially if equidistant knots are used (cf. [2, p. 122]). This
allows us to give uniform and point-wise error estimates for the approximation with
finite Fourier partial sums in Section 3. The paper also discusses sharpness of these
estimates in Section 4. It is somewhat surprising that partial sums of splines with
even polynomial degree show a higher rate of convergence at knots than partial
sums of splines with odd polynomial degree. The paper concludes with an appli-
cation: The approximation error of odd degree splines is used to detect dominant
corners.

2 Complex-valued periodic spline parameterizations

Our aim is to discuss approximations of parameterized closed curves in the complex
plane (see Figures 1 and 2). The set of points of a curve can be obtained by an infinite
number of parameterizations (c.f. the discussion in [6, p. 278]). We restrict ourselves
to complex-valued parameterization functions f for which real part Re(f) and imag-
inary part Im(f) are real valued, 27-periodic splines with pairwise different knots
10y .-y tm—1 € [0,27), ty := 1o+ 27, f—1 := t,,—1 — 27. Thus f is a complex-valued,
periodic spline that can be written with polynomials that have complex coefficients
but a real variable. Between knots, the real-valued component splines are polyno-
mials of degree s. We require Re(f) and Im(f) to be s — 1-times continuously dif-
ferentiable. For the computation of lower error bounds, we also assume that at each
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knot Re(f) or Im(f) is not s-times differentiable, i.e. the complex-valued spline is
not s-times differentiable there.

Polygons with vertices (x0,Y0), (X1,Y1)s -++» (Xm,Ym) = (x0,¥0), m > 3, can be
parameterized with piecewise linear splines of degree s = 1. For convenience, we
extend the set of vertices m-periodically, i.e. (Xy4m,Vr+m) = (xr,yr). We require that
no vertex lies on a straight line going through its predecessor and successor. Thus,
subsequent vertices have to be different. If these vertices are the spline’s values at
knots then the spline is not differentiable at the knots.

For example, a parameterization f of the polygon can be obtained by traveling
along the curve with constant speed or by traveling along each edge within the same
time so that speed for longer edges is faster but constant per edge.

For obtaining a parameterization with constant speed, let

Iy = \/(xr_xrfl)z'f' (yr_yr71)2 >0
be the length of the r-th edge and
dy:=0, dr:=d—1+1,1<r<m,

be the distance from the start point (xg,yo) to (x,,y,) along the edges of the polygon.

Then we define knots
2r

dn
and7_1 : =ty —ty =t,—1 —27. The argument of f is the arc length, normalized to

an overall length of 27. A constant time per edge parameterization can be obtained
with equally spaced knots

dr, 0<r<m,

Iy =

ty i =r—.
m

In both cases, the polygon is parametrized for 0 <t < 27w with the piecewise
linear, 27-periodic spline (1 < r < m, i denotes the imaginary unit)

[y +iyr] = [xr—1 +iyr—1] (

f(t) =Xty +
Ir—1tr—1

t—tr—1) fort,_y <t <t,.
A periodic, complex-valued spline f can be represented by a point-wise conver-
gent Fourier series
f(t) = Z cpe™
k=—o0
with Fourier coefficients ¢, = 5 ™ f(t)e~ dt. We restrict ourselves to complex
valued functions that parameterize curves in 2D. However, everything can be trans-

ferred to higher dimensions if one separately computes Fourier series of each com-
ponent function.
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3 Error bounds

If one replaces the infinite Fourier sum by a symmetric finite Fourier partial sum

2”:_M cxe’™, then higher frequencies are being cut off. The result is a low pass
filtered version of f that lacks detail, see Figures 1 and 2. We discuss splines f that
are s — 1-times continuously differentiable such that £~ is Lipschitz-continuous.
For such functions the Jackson-type estimate

max {|R(t,M)|:t e R} € O <1Og(M)>

MS
for the error

M
R(t,M) = f(t)— Z cre'™
k=—M

is well known (see [11, S. 136]). The log-factor originates from the L'-norm of the
Dirichlet kernel. However, due to the restriction to splines, we can easily prove better
uniform and point-wise estimates without log-factor using elementary calculus. The
main tool will be partial summation.

> O

ikt

Fig. 1 Left: Fourier partial sum Z,%=72 cre™ of triangle. Right: Fourier partial sum 22=74 cre™ of

noisy square

Theorem 1. Let f(,) be a s — 1-times continuously differentiable, 21t-periodic spline
consisting of piecewise polynomials of degree s with (different) knots t,, 1 <r <

m, such that f) = fé;;l) is not differentiable at each knot. Then (with standard
Landau symbols O and 2)

max{R(t,M)|:t6R}EO<A;X>, (1)

and this order of uniform convergence exactly holds at the knots t, if s is odd:

1
Rl <2 (57). @

For odd s, the convergence rate at knots t, is bounded by
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Fig. 2 The closed grey curves in the upper two pictures are drawn using a periodic spline pa-
rameterization. The spline has degree s = 2 and m = 4 equidistant knots at which the vertices
(0,0), (1,0), (1,1), and (0,1) of a square are reproduced. The lower two pictures show a section
of a curve in grey. This curve is parameterized by a spline of degree s = 3 and the same m = 4
knots. The black curves are approximations by Fourier partial sums ):,%:72 cre™ (left column) and

):i:— 4 cretkt (right column), respectively.

|ot| 1 C || 1 C
— — < < —
T (M+1) Mt < IR M)l < T oMs ' Mt 3)
where the constant C is independent of M, and
) — tr i) — )
o - Joy @) = foy 1) foy () = fy( )7&0. @

I —1t try1 — Iy

Especially, if knots are chosen equidistantly (t, = r%’ ) then the numerator of Q, is
a second difference:

foy(te—1) *Zf(;;(tr)wa(l)(trH). )

o = —

m
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For all values of t € [0,27), t # t, for 0 < r < m, convergence is faster:

2s+1
R(t,M)| < ——=
w(s+1)

mt |t —1,] 1
r
Z \OC,|1 Ms+1° ©)
- —cos(t — 1)
If s is even, then we also obtain this rate of convergence for knots t = t,,;:

25+ 1

|R(try, M)| < 6+

m_1 [t,, — /| 1
o 0 ——. (7)
r:(LZr’¢r0| ! 1- COS(trO —t) | Mo

Since f(1) has to be not-differentiable at the knots 7,, this function is a 27-
periodic, piecewise linear parameterization of a polygon for which no vertex lies
on a straight line through its neighbors.

A Riemann-Lebesgue lemma with orders (see [4, p. 168]) shows that spline’s
Fourier coefficients can be asymptotically bounded by M}H which in turn yields
(1). However, the other estimates of the theorem need a different proof.

In the next section we present examples for which the rate ﬁ is best possible

on a dense set.

Proof. For convenience, we use a basis of 27-periodic hat functions to repre-
sent piecewise linear function f(j) = f((;)fl). Thus, fo,...,fm—1 are defined on
[tr—htr—l —|—2717) via

=i

L g <t <ty
N
fr(t) = e e St <t
0, trr <t <t_1+2m.

Then f{;) can be written as f;)(t) = R foy () fr(¢). With

e 1 d —iktd
Chr = 5 %f,(t)e t

we denote Fourier coefficients of f,. Then cq , = %. Using partial integration,

it is easy to compute ¢, for 0 < r <m and k # 0:

1 Ir t—t,_1 . 1 byl f—t .
Ckyr = E/ 7r1€ ikt dt — 7/ 7}%16 ikt dt
1 1y

r—1 tr—1—1 2n 41—y
B 1 i ik, 1 efikt,- _efikt,_l 1 i ik, 1 efikt,_*_] _efiktr
2w |k K t—t 2m |k K ot —t,
11 efikt, _ efikt,,l efikt,H _ e—ikz,.
S 2mk? tr—tr_1 ol — 1y '

Fourier coefficients of f{y) are (k # 0)
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Zf (t) Crkr

1 1 m—1 e—ikt,« _ e—ik!,,] e_iktr+l _ e_iktr
= [ —
275 k2 Z f r [ | bry1— 1
1 m=2 7ikt,
= t
27 k2 Z Falarer) fryl —1r

tr—1tr—1 byl — 1

m—1 t —ikt, iy —ikty m —ikty
+Z <f“>( ) | e >_Zf(l)(tr—1)tre ]

1 1'% ! ﬂktr
T uie Z e ®

with @, as given in (4) due to 27-periodicity of the functions and 71— =, — 27.
Because f(1) is not differentiable at the knots, all

a, #0. )

For k # 0, iterative calculation of antiderivatives of f(;) to f(,) results in Fourier

coefficients 0 3 et of fig), k# 0 (see [4, p. 172]). Thus we have to estimate the error

C_fk _3 Ck ;
e ikt + ikt

R(t,M)| = S T

k=M+1
=) m—1
Z L1 Z ar[(—1>57]e7ik(’*fr) +eik<’*’r)]
k=M+1 ks r=0

of approximating f) with a Fourier partial sum. Obviously,

o loy| 1
t,M < —
| ( )| T _§+1 ks+1 M* ’

since Y7 p741 ks% <Iu ﬁ dx = # This proves the uniform upper bound (1).
To show a higher rate of convergence at points that are different from knots, we
use Abel’s partial summation (cf. [4, p. 51]).

1
2r

(10)

Lemma 1. Let ¢ # k27 for all k € Z and (ay);._, be a sequence with

li =0and — < oo,
Jim ay an ];|ak Apy1] < oo

For M € N let Ry := Y0y, 1 axe'®*, then
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oo (ei(p)M+1 _ (ei(p)k-H

Ry = . lax — ar11], (11)
k:§+1 1—e®
Rul< —— ¥ | | (12)
M| S T/ Al — g1
[1—e'?| k=M+1 i

Proof. Since ¢/ # 1, we can compute the following geometric sum for [ > M:

. iQ\M+1_(,ip\l+1 . . . .
Zf(:M 1 (e'®)k = %. Using Abel’s partial summation, we obtain

s ) s ) s—1 k o

Y a@d®)=a Y (9+ Y Y (@) o — ]

k=M+1 k=M+1 k=M+1 [ j=M+1

&P M+1 _ lP)s 1 s—1 eO\M+1 _ (i k+1

:as( ) 1— ,-Ep ) () 1— ,-(q, ) lak — ax41].

€ k=M+1 €

The limit s — oo gives (11). This directly implies the upper estimate (12) because
|(ez(p)M+1 _ (ez(p)k+1| <2. O

To continue the proof of Theorem 1, we apply (11) to sums of the following type:

Z ak[(_l)sflefi(pk_,'_ei(pk]
k=M+1

i ’(71)3—1 [1 7€i(p] [e—i(p(M+1) 7e—iq)(k+1)]
k=M+1

[l — i) [efoMHD) _ ei(p(kJrl)]) m |C:lf(pifk+le|i(p]|

=

=) ’(71)s—le—i(p(M+1)Jreiq)(M-&-l) (1) el )  gip(ktD)
k=M+1

(1) LMt _ ioM (s ,—igk | ,ipk |ax — a1 .
(=1)"e ()T e e 2 —2cos(Q)

If 5 is even, the left factor in the sum is
2|sin(@(M + 1)) —sin(@M) —sin(@(k+1))) + sin(@k)|,
for odd s we get
2|cos(@(M + 1)) —cos(M) —cos(@(k+1))) + cos(@k)|.

By applying the mean value theorem to the differences, we obtain in both cases

=

1 ; 2|g|
ag[(—1) e ik 4 oivk)| < ZFL lak —aper].  (13)
k:§’+l 1 —cos(¢) k:%l

=
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If we choose a; = # then (13) becomes

< L :
Y gl e e
k=M+1
20l g 1 2"l /°° Lo 272l s
X=——— .
~ 1—cos(@), 47 kT T 1—cos(@) Ju xt2 1 —cos(¢) Ms+!
14

oo S s+1
< 2|0 y Lo (2K
-1 fCOS((p) P k“+1(k+ 1)s+1

We apply this to (10), compute a common denominator and obtain (6). For even
s this also gives (7) because for ¢ = ¢, the r-th summand in (10) results in zero due
to
(_1)571671'1{([7») _|_eik(t—t,-) =—14+1=0.

This is the reason why partial sums of periodic splines of even degree have a higher
convergence rate at knots. The other summands can be estimated as previously done.

Using (6), we can also prove (2) for odd s: Let r = ¢, for 0 < ry < m. According
to (10) we estimate the error |R(t,,M)| by |R(t,,M)| > S1 — S» with

I v o 1 —ik(try — (1, — o] w1
Sy i=|— Z 0 [(_1)s— et (trg ’V0>-|-e’ (trg ”0)] _ 0
2T A K T K
') 1 0 1
where Zk=M+1 =y Z fM+1 T = m Z m and |Ot,0| > 0, NS (9) On the

other side, equation (14) for ¢ :=t,, —t, shows that

1 d 1

Sy = Q, [(_l)s—le—ik(t,.o—t,) _’_eik(tro—tr)]

" S+1
2z re{0,..m—1}\{ro}  k=M+1 ket
P W
ML 2T o iy L C0s(y—,) T M
so that the error has a lower bound
[t ls 1 c
‘R(trovM” 2 s M - M+

i.e. we have shown (2). For odd s, we especially have S| —S> < |R(t,,,M)| < S1 +$>»
with

P N S W AR
T (M+2)~ 0 m A kTN T o M

and §, < ﬁ so that, completing the proof of Theorem 1, (3) follows. O
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4 Sharpness

Theorem 1 provides uniform error bounds with order 1/M*. But (6) cannot be used
to obtain a uniform bound with rate 1/M**! because

11
im——
i—tr 1 —cos(t —t,)

In fact, estimate (6) (including (7) for even s) cannot be improved to become a
uniform error bound with order 1/M**!:

Theorem 2. Under the assumptions of Theorem 1, a uniform bound

Co

max {|R(t,M)| :t € [0,27),t #¢1,,0<r<m} < Y

with a constant Cy independent of M does not hold true for any o > 0.

Proof. For odd s, the proof is obvious, because for each M the error R(1,M) is
continuous in 7: For € = 1/M°*® and a knot ¢, there exists a 7, (that is not a knot)
with |R(t,,M) — R(te,M)| < ﬁ If we assume a uniform bound to exist, then we
can apply it for t = ¢ and get

Co+1
Msta’

‘R(traM)| < ‘R(I&M)‘ + |R(tr7M) _R(I&MM <

which contradicts (2).

The non-existence of a uniform bound for odd s also implies the non-existence
of such a bound for even s. Without restriction let 0 < ¢ < 2. For given f(s) , s even,
we define

27 p(s) d 1
o te) =L O

as a spline of odd degree s+ 1, i.e. f(/s+l) =fl5— ﬁ '02” %) (u) du. With R(t,M, f(s))
and R(t,M, f(;11)) we denote the partial sum error functionals of the two splines.
Then

d Moo
ER(tvMaf(erl)):f(/H])(t)_ Z lkaekl
k=—M
L o
= o) =5 | fOwdu— Y ke =R@M.fy),  (15)
T Jo k=M k40

where ¢y are Fourier coefficients of f{,. ), and ikcy, k # 0, are Fourier coefficients
of f(5). We assume that a uniform error bound

Co
Ms+(x

max{fR(t,M,f(S))| (1 €[0,2m),t #£1,,0<r< m} <
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holds and contradict this assumption. For ¢, € (tr — %,tr + @) \ {#,} with
|ty —tm| < I/MI_% there exists a & between ¢, and #); such that (see (6), (15))
|R(traMaf(s+l))| < |R(lMaMaf(s+l))| + |R(traMaf(s+l)) - R(IM7Maf(s+l))|

Ci |t — 1] G ,
S e 1 —cos(ty —t,) M2 1o =] [R'(§. M, fig1))|

C w-% C 1
< R(E.M, £/,
- Mst2 + 1 —cos(tyy —t,) Ms+2 + M3 ‘ (S, ’f(‘\))}
< G + 1 (&) T 1 Co
- Mst2 1 —COS<lM _tr) Ms+3—% Ml—% Ms+a :

Taylor expansion of 1 — cos(ty —t,) has a lowest order term %(IM —1,)? so that
L € O(M* %). Thus |R(t;,M, fs;1))| is bounded by C3/M**'*% uni-

1—cos(tyr—1r)

formly. This contradicts (2) for degree s+ 1. O

The rest of this section deals with construction of counter examples to show that
the point-wise convergence rate M} — of Theorem 1 is best possible. A standard
technique in Approximation Theory is to prove existence of counter examples with
the uniform boundedness principle (see [8]). However, this requires a Banach space.
Therefore, the approach is not suitable for our simple function spaces of splines.
We explicitly define counter examples based on regular polygons. Compared with
arbitrary periodic splines, convergence rates of their Fourier partial sums should be
quite good because regular polygons approximate the unit circle. But it turns out,

1
that rates are not better than .

Lemma 2. Let (Ry)y;_, be a sequence of continuous, real functions Ry : [a,b] — R
and D a dense set in [a,b]. If a common constant ¢ > 0 exists such that

limsupRy(t) > ¢ for eacht € D
M—o0

then
limsup Ry (¢) > ¢ for eacht € [a,b].
M—ro0
Proof. Lete € R, 0 < € < c. For each u € D a (potentially different) strictly increas-
ing sequence (M, ;)7_; C N exists such that Ry, ;(u) > c for all j € N. Due to the
continuity of each Ry, ; there exist 6y, ; > 0 such that

|RM,,,.,~ (r)— Rum, ; (u)| < eforallt € (u— 5Mu>j, u+ 5Mu4,j) Nla,b],

Ry, ;(t) > Ry, ,(u) — |Ry, ,(t) — Ry, ; (u)| > c—&. (16)

u,j u,j

For each 1 € [a,b] we iteratively construct (M, ,)7_; C N as a strictly increasing
sequence such that

Ry, (1) >c—¢. a7
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Since € > 0 can be chosen arbitrarily, this proves the lemma. We use a helper se-
quence (ay ), starting with a; := 0. Now we iteratively define next elements. The
n-th step of the iteration (which begins with n = 1) constructs M, ,, for each ¢ and
defines a1 1:

For each u € D the sequence (M, j);":l C N is strictly increasing so that there
exists a jun € N with My j,, > a, and Ry, ; (t)>c—¢eforallt € (u—03y, . ,u+

u,ju.n
)N [a,b]. The open sets (1 — Oy, u+0dy,. ),u€ D, are an open cover

6Mu1ju,n u,jun’ U, ju,n
of [a,b]. According to the theorem of Heine and Borel, a finite subcover U; :=
(1= Bty o U1 O ) Uk 1= (g = Oy o+ Oy, ) €XISES.
Each t € [a,b] is element of (at least) one of these intervals. Let U; be the first
interval (in the order of the previous list) that covers ¢. Then we set M; , := M,

15Juy,n

15duy.n
and according to (16) we have Ry, , (t) > ¢ — €. Thus we have selected suitable 1\7[,1_,,
for eacht € [a, D).

For the next iteration we define a,,4.1 := max{M,,, Jun ST STS ky }. This ensures
that in the next iteration 1\71,7,#1 > M,_yn will be selected for each ¢ € [a,b]. We get
strictly increasing sequences (M, ), that fulfill (17). O

With the help of this Lemma, we prove the main result of the section.

Theorem 3. Let a regular polygon with vertices x, + iy, = " o anda corresponding
piecewise linear parameterization =Y with equidistant knots t, = r%’ be given
(see Section 2).

Let f be a periodic spline with piecewise polynomials of degree s such that
f<“"1) is the s — 1-th derivative of f. Such a function f can be obtained by it-
erative computation of antiderivatives of f(s’l) as previously described: Since
foznf(s_w(t)dt =0, function fO=2(t) := c+ [ £V (u)du is 2m-periodic. Then

27 p(s—2) §
let f6=3)(r) := c—tw + 5 F57D (u) du, etc.
For these counter examples, estimate (6) is best possible in the sense of

) forall't €[0,27) (18)

R0 %o (i

i.e. for eacht € [0,21) there holds true

limsupM* ! |R(t,M)| > 0.
M—roo
Due to properties of Fourier coefficients, scaling, rotation and translation of a
polygon (case s = 1) does not change the result. Thus sharpness is established espe-
cially for parameterizations of all regular polygons.

Proof. The outline of the proof is as follows: We first simplify formulas for arbitrary
splines with respect to the counter examples of the theorem. For odd s, sharpness at
knots ¢, follows from (2). For even s we give an explicit estimate (21) for the knots
as well as an explicit bound (23) for midpoints between knots. Then, with D :=
{%”% : g €0Q,0< § < 1}, we prove sharpness for each small ,0 < 6 < 5. ona
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set Dy :=DN[§, 2 — §] if s is odd and on intervals Dy := DN [§, Z — 8] and DN[Z +
5, %’ — 0] if s is even. Without restriction, we only investigate D in the even case
because the proof is not different for DN [% + 5,22 — 0]. The next step is to apply
Lemma 2 to extend the sharpness result to the 1r1tervals (6,22 —§]and [8, 2 — §]U
(%49, 2” — J], respectively. Since 8 can be chosen arbitrarily, sharpness follows for
all¢in (0 2z ) or (0, m) U ( Zn 2’77;) In the same manner, sharpness can be shown for
all sets (r2Z, (r+1)2Z) or (rZ, (r+4) Z)U((r+ ) Z,(r+1)2Z),0<r<m.
Together w1th estlmates for knots and midpoints, this is (18).
Fourier coefficients - —k k=0, of f can be simplified, see (8), (5):
1 1"= 1

Ty Z o

[ l(r )2z +2€zr— (r+1)277”] efikrzn—’lr

—1
m 1 2 - : 2
_ - [2_871% _et W’f:| E e*l(kfl)r%.
r=0

If k— 1 is no multiple of m, then e~*~D £ 1, and

mi:l T e 0
e m = ——— —().
r=0 1— (k l)m

Thus for j € Ny :={0,1,2,...}

w1 [2—e—‘%—ei%" k=4jm+1,
= ~——

0, else.
We have to consider j € N that fulfill jm+1>M+1 < j> % and —jm+1<

~M—1 <= j>M2 Let M +2 be a multiple of m > 2. Then each inequality is
exactly fulfilled for j > 'S m Mtz

s C—k —ikt Ck ikt
IR(t,M)| = v LA e v N4
k=§+l (7lk)5 1 (lk)s 1
v Cojmtl i jmi1) Cjml  iljm1)r
= — e + e
j:;ﬂ (—jm+ 1)1 (jm+1)s!
od efijmt eijml
=C 19
L e G )
=: C|S| > Cmax{|Re(S)|,|Im(S)|} (20)

with a constant
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m 271 21 : 2m2 2r
Ci= 2—e i — ’ﬂ i = " 1 —cos[ 2 )| > 0.
g e ¥ = G e ()

At this point we deal with arguments ¢ that are multiples of 2 for even s. They

have to be excluded in later considerations. For even s and knots t, = r2’r we obtain
a lower bound from (19) similar to previous estimates:
|R(t,,M)| = C i + !
[3) - L ]m—l s+1 (jm#_l)ﬁ»l
=) _2 2 s+1 m A 1
=c| Y} Z’FO( )(11) 750( 41>. @1
e ((m)2 = 1)t M
J="m

Using partial summation (see (12)), we find for even s at the midpoints t = r%” +Z

between knots for the values M = Im —2, [ € N, that "

o _Zeijnz% (‘“)(]m) 2 N
R(t,M)| =C A=0 <C . 22
REMI=C & G- | = @D

jf

But if we estimate the error for M replaced by M + 1 = Im — 1 then we loose the

C M;;Zn C(*l)[erl . .
summand (Mil)“rl = T Because of (22) we get sharpness ad midpoints ¢:

c ¢ 1
(M +1)s+1 T w2

|R(t,M+1)| > (23)

ie. |R(t,M+1)| #O(W)

Now we continue to estimate (20) to obtain estimates for all other points. For odd
s we give a lower bound of |Re(S)|, and for even s we estimate |Im(S)|. Thus, for
odd s we receive

Re(S) = i cos(jmt){( - ! + !

) M+2 _]m+l)s+1 (]m+l)s+1
j=Mt2

- Z COS(jmt)(jm"'l)H]+(jm_1)s+1

j:M+2 ((jm)2 _ 1)s+1

For all ¢ # ¢, we continue:



Fourier partial sums of polygons and periodic splines 15

i A1) 4 (m— 1)

Re(S) = Re ; ;
) ; (m?— 1)
_ i(MA+2)r _ im(j+1)t .
. % Jh(J) 4
due to (11) with

(mA+ 1) 4 (m =10 ((+ Dm+ 1) 4 ((+ Dm— 1)
((jm)* — 1)+ (((j+ Dm)* — )5+ '

If one uses a common denominator, the highest power of j in the numerator is 35+ 2

with a coefficient 2(s+1)m>+3. The highest power of the denominator is 4s -4 with

4s+4 Asymptotically, 4(j) behaves like (iﬂ) jsfrz.

h(j) =

coefficient m

For even s, we also get (24) but with Re replaced by Im. Also, for odd and even
s we can show with (12) that for a constant Cy, independent of ¢ and M,

1 C im(jt )i Co 1
|1 —eim| Y M) < [1—emi 2 psi2 (25)

- M+2
j=Mt2

Thus it is sufficient for odd s to find a lower bound for

plM+2)t =
Re imt Z h(J)
1—e e

M+2 (1
(1 _etmt)(l —e zmt

—zmt

= |Re

-  Coad(M) - .
;7 ~ 2—2cos(mt) j:%h(”

with

Codd(M) := |cos((M+2)t)(1—cos(mt))—sin((M+2)t) sin(mt)]
= |cos(Imt)(1—cos(mt))—sin(Imt) sin(mt)|

for a number / € N.
If s is even, we have to estimate

e MH2) = Ceven (M) -

m(S—0 Y hG) || =5y A
m 1 — eimt j:i (]) Z—ZCOS(ml) j:% (J)

with
Ceven(M) = |sin(Imt)(1 — cos(mt)) + cos(Imt) sin(mr)|.
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Since ‘Z e h(j )‘ <N ¢) (MV“) it remains to show coddseven(M) # 0(1), i.e

Coddfeven (Im — 2) # 0(1), I — oo, for the points ¢ under consideration.
Now we focus on ¢t € Dy. For each such ¢t = %” 2 we discuss an individual subse-
quence of M; = Im — 2 such that [ is a multiple of g. Then for all such [:

|cos(Imt)(1 — cos(mt)) — sin(lmt) sin(mt)|

cos(27) <1—cos (27:2)) —sin(27) sin <2” Z) ‘ = (1_C°S <2” Z) >

> (1 —cos(md)) =:co > 0.

This also holds for 2 = % But we have to exclude this value for even s, that is why
Dy is defined differently.
sin (27tp) ‘
q

For t € D, factor TT=eim? in (25) is bounded by C; := “CTB‘Z. Constants Cj, cg,

and c are all independent of ¢ € Dy, but subsequences of M; do depend on ¢ and are
now denoted by (M;,;)7_,. Thus

[sin(/mt)(1 — cos(mt)) 4 cos(Imt) sin(mt)|

= |sin(27) (1—cos <2nz>>+cos(2n) sin <2n2) ’ =

> sin(md) =:¢; > 0.

‘ 1— lmt

|R(t,M, ;)| > % for each ¢ € D;
Mt’j
with a constant ¢ that is dependent on § but independent of 7. Therefore, we can
apply Lemma 2 with [a,b] := [8, 2X — §] or [a,b] := [§, Z — 5], [a,b] := [Z + &, 2% —

’m
O] and Ry (z) := ‘I;E;f{ | to obtain the result. O

Since we only work with a subsequence of values M, we cannot follow that the

error is in 2 ( . Such a lower bound cannot be expected, because the low pass

Ms+!1
filtered curve intersects with the spline, see Figure 1. The error might become zero

at certain points for the given M.

It is not possible to extend Theorem 3 from regular to arbitrary polygons. For
example, the Fourier partial sums of an odd, real-valued, periodic function only
consist of sine wave summands. At r = 0 both function and partial sums are zero,
the error vanishes, see Figure 3.

5 Conclusion and Application

We have given bounds for the approximation of periodic splines by Fourier partial
sums and have shown their sharpness. However, Theorem 3 covers parameteriza-
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Fig. 3 Starting at the origin, the polygon can be parameterized by a function f with odd compo-
nent functions Re(f) and Im(f). Similar to the counter examples of Theorem 3, equidistant knots
can be used at which the parameterization is not differentiable. Also, the parameterization can be
translated such that fo = 0 is a knot. Then, at the translated origin, the approximation error of all
Fourier partial sums is zero.

tions based on regular polygons only. It remains open under which more general

ﬁ) at all points f # t, holds true.

Since the functions are not arbitrarily often differentiable at knots, their spectrum
is not bounded. Especially the approximation at knots requires high frequencies.
Thus it is somewhat surprising that the rate of convergence at knots for even degree

splines is not worse than at other points. On the other hand, the slower convergence

assumptions sharpness |R(z,M)| # o <

Fig. 4 Footprint polygons are simplified according to the Fourier partial sum approximation error
in knots. Iteratively, the vertex with best approximation is removed until the polygon’s area falls
below a threshold value. In addition to merging roof facets, this method is used to reduce the level
of detail in the 3D city model.

rate at knots for odd degree splines f can be utilized to define dominant corners of
contours that are represented as polygons or splines. According to (3), the size of
the error at a knot ¢, is determined by |a;,|. In case of an equidistant parameterization
f =D of a polygon, the second difference in (5) can be interpreted as the sum

(xr—layr—l) - (xr,Yr) + (xr+1ayr+1) - (xrayr)



18 Steffen Goebbels

of the two edge vectors, scaled by —37 (cf. Section 2). Let [; := [(x,—1,y,-1) —
(xr,y)]s b= |(xp41,9r41) — (xr,yr)], and 0 < ¥ < 7 the angle between the two
edges. Then the cosine theorem allows understanding the role of ¢,

4am* oo o
er‘ =1 +1; -2l lhcos(m— 7).
Asymptotically, the error becomes large for large edges and small angles y. Such
vertices appear to be rather dominant and more important for recognition of contours
than others. If one uses a constant speed parameterization (see Section 2), then vec-
tors become normed, and |, | only depends on the angle: |o,|> =2 —2cos(m — 7).

Literally hundreds of methods for dominant corner detection exist either based
on grey values of images or extracted contours. For contour-based methods, [1] and
[9, Sections 3 and 4] give an overview. Common is a smoothing step that removes
noise. When using the approximation error at knots as a measure for dominance, we
obtain “better” results than when directly using |o,| as measure: The right picture
in Figure 1 shows larger errors at the four edges of the underlying square although
all |a,| are equal. Fourier low-pass filtering removes noise. Higher order terms in
(3) contribute to this effect. Fourier partial sums represent global approximations of
curves’ shapes. In contrast to this, lengths and angles of edges are local features. A
large distant to the global approximation of a shape especially indicates a dominant
edge. A related local corner detector is described in [12]. It applies a wavelet decom-
position to the boundary curve and looks for large wavelet coefficients that describe
local changes. By omitting corresponding terms of the inverse wavelet transform,
the approximation error will also become large.

An application of our partial-sum-based dominant corner detector is shown in
Figure 4: All non-dominant corners were removed from a 3D city model to reduce
the level of detail.
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